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ABSTRACT
The brightness temperature of the redshifted 21cm line brings rich information on
the Inter Galactic Medium (IGM) from the Cosmic Dawn and Epoch of Reioniza-
tion (EoR). While the power spectrum is a useful tool to statistically investigate the
21cm signal, the 21cm brightness temperature field is highly non-Gaussian, and the
power spectrum is inadequate to characterize the non-Gaussianity. The Minkowski
Functionals (MFs) are promising tools to extract non-gaussian features of the 21cm
signal and give topological information such as morphology of ionized bubbles. In this
work, we study the 21cm line signal in detail with MFs. To promote understanding
of basic features of the 21cm signal, we calculate the MFs of not only the hydrogen
neutral fraction but the matter density and spin temperature, which contribute to the
brightness temperature fluctuations. We find that the structure of the brightness tem-
perature depends mainly on the ionized fraction and the spin temperature at late and
early stages of the EoR, respectively. Further, we investigate the redshift evolution of
the MFs at 7 < z < 20. Then, we find that, after the onset of reionization, the MFs
reflect mainly the ionized bubble property. In addition, the MFs are sensitive to model
parameters which are related to the topology of ionized bubbles and we consider the
possibility of constraining the parameters by the future 21cm signal observations.
Key words: methods: statistical– cosmology: dark ages, reionization, first stars–
large-scale structure of Universe
1 INTRODUCTION
After the cosmic recombination, hydrogen keeps the neutral
state until first luminous objects such as stars and galaxies
are formed. As the structure formation advances, neutral
hydrogen begins to be ionized by the UV and X-ray pho-
tons escaped from galaxies. This epoch is called “Epoch of
Reionization”. Many theoretical works based on both nu-
merical simulations and analytic models have investigated
the time evolution and spatial structure of ionized bub-
bles in the EoR (Mesinger et al. 2011; McQuinn et al. 2007;
Zahn et al. 2007). We can obtain the information on the
physical state of the IGM in the EoR through the redshifted
21cm line due to the hyperfine structure of neutral hydrogen
(Furlanetto et al. 2006).
However, the 21cm signal from the EoR has not been ac-
cessible yet. Ongoing interferometers such as the Murchison
⋆ E-mail: 161d9002@st.kumamoto-u.ac.jp
Widefield Array (MWA)(Lonsdale et al. 2009; Tingay et al.
2013; Beardsley et al. 2013), the LOw Frequency ARray
(LOFAR) (van Haarlem et al. 2013; Jensen et al. 2013), and
the Precision Array for Probing the Epoch of Reionization
(PAPER) (Parsons et al. 2010, 2014) have already started
observations to detect the 21cm signal statistically. In fact,
the MWA and the PAPER have obtained upper limits on the
21cm power spectrum (e.g. Dillon et al. (2015)). The Square
Kilometre Array low (SKA-low), a future project of a low-
frequency radio interferometer, will start observations in the
near future (Carilli 2015) and it will have enough sensitivity
to image the 21cm-line signal at scales from several arcmin-
utes to several degrees (Mellema et al. 2015; Wyithe et al.
2015).
In order to understand the thermal and ionized state
of the IGM, the power spectrum has often been consid-
ered for the statistical analyses of the 21cm brightness
temperature fluctuations. For example, the typical bubble
size could be probed through the “shoulder” of the 21cm
c© 2016 The Authors
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power spectrum (Pritchard & Furlanetto 2007; Pober et al.
2014; Shimabukuro et al. 2014; Furlanetto et al. 2006;
Mesinger et al. 2014). Although the power spectrum is a
powerful tool, the statistical properties of the 21cm-signal
fluctuations are not perfectly described by the power spec-
trum, because they follow a highly non-gaussian distribution
due to complicated ionizing processes. Therefore, higher or-
der statistics such as the bispectrum (Shimabukuro et al.
2016) and trispectrum (Cooray et al. 2008) are required to
evaluate the non-gaussianity.
The Minkowski Functionals (MFs) are another tool to
study the non-gaussianity. As the reionization process ad-
vances, many ionized bubbles appear and these bubbles
have typical topological structures in the brightness tem-
perature field. The MFs are known to be useful to char-
acterize this kind of topology. In the context of observa-
tional cosmology, the MFs have been used to investigate
the geometrical feature of galaxy distribution (Gott et al.
1986; Schmalzing & Buchert 1997) and to estimate the
non-gaussianity appeared in the CMB temperature map
(Komatsu et al. 2009).
There have been several works to study the MFs and
genus to characterize the topology of HI distribution in
the EoR. The topology varies with the evolution of ioniza-
tion and the different stages of reionization could be distin-
guished by the MFs and genus (Lee et al. 2008). The topo-
logical property was utilized for suggesting a semi-numerical
model which reproduces the MFs obtained from simula-
tion with radiative transfer of ionizing photons (Gleser et al.
2006), and for investigating dependency of HI topology on
ionizing source property (Friedrich et al. 2011). In addition,
the distribution of the 21cm line brightness temperature has
been studied by the 2D genus (Hong et al. 2014; Wang et al.
2015) . Then, the δTb have been calculated with an assump-
tion TS ≫ Tγ which is a suitable condition at the epoch
where the spin temperature is sufficiently larger than the
CMB temperature. They have found that genus curves de-
pend on the ionized fraction, discriminate the scenarios with
different ionizing efficiency values.
In this paper, we calculate the 3-dimensional MFs of
the 21cm brightness temperature. The brightness tempera-
ture fluctuations consist of three components: fluctuations
in the neutral fraction, spin temperature and matter den-
sity. In the previous works, the MFs were calculated with
an assumption that the spin-temperature fluctuations are
negligible since the mean spin temperature is expected to
be much larger than the CMB temperature as a result of X-
ray heating. Although this assumption is frequently used, it
depends on the redshift and the property of X-ray sources.
Thus, first, we study the MFs of the three components and
obtain an insight into the brightness temperature fluctua-
tions. Secondly, we investigate the redshift evolution of the
MFs at the epoch from cosmic dawn through reionization.
Finally, to study the dependence of MFs on ionized bub-
ble properties such as the size, shape and distribution, we
calculate the MFs varying key model parameters.
This paper is organized as follows. In section 2, we ex-
plain the brightness temperature, semi-numerical simulation
21cmFAST and our models. In section 3, we introduce the
Minkowski Functionals. Our main results are presented in
section 4. The summary and discussion will be given in
section 5. Throughout this paper, we assume ΛCDM cos-
mology with (Ωm,ΩΛ,Ωb,H0, ns, σ8) = (0.31, 0.69, 0.048,
68km/s/Mpc, 0.97, 0.82) (Planck Collaboration et al. 2015).
2 SET UP : SIMULATION MODEL
The observable quantity for the redshifted 21cm-line sig-
nal is the brightness temperature defined by the difference
between the spin temperature and the CMB temperature
(Mesinger et al. 2011; Furlanetto et al. 2006), and can be
written approximately as,
δTb(z) ≈ 27xHI(1 + δm)
(
H
dvr/dr +H
)(
1−
Tγ
TS
)
×
(
1 + z
10
0.15
Ωmh2
)1/2(
Ωbh
2
0.023
)
[mK], (1)
where H is the Hubble parameter, dvr/dr is the peculiar ve-
locity, Ωm is the matter density parameter, Ωb is the baryon
density parameter, h is the Hubble constant, xHI is the neu-
tral fraction, δm is the density contrast of matter, TS is the
spin temperature and Tγ is the CMB temperature. The spin
temperature evolves through coupling to the kinetic tem-
perature of the IGM by the Wouthuysen-Field (WF) effect
(Pritchard & Furlanetto 2006) and the CMB temperature.
When the IGM is heated sufficiently and the spin tempera-
ture becomes much higher than the CMB temperature, the
factor (1-Tγ/TS) is saturated to become unity. Therefore, the
TS is often ignored at the late phase of the EoR (z . 10).
The fluctuations in δTb are expressed by
δ21(x, z) =
δTb(x, z)− δTb(z)
|δTb(z)|
. (2)
Here, δTb is the spacial average of the brightness tempera-
ture.
We make brightness temperature maps by a public
semi-numerical code 21cmFAST (Mesinger et al. 2011), set-
ting a 4003Mpc3 comoving box with 6003 cells. From the
simulations, not only brightness temperature maps but those
of the neutral fraction xHI, matter density δm and spin tem-
perature TS can be obtained at each redshift. Although the
21cmFAST adopts some simplifying models for the calcula-
tions of the matter density distribution and radiative trans-
fer (Furlanetto et al. 2004), the resulting maps are reason-
ably consistent with those from more sophisticated numeri-
cal simulations at large scales (& O(1) Mpc) (Mesinger et al.
2011).
The 21cmFAST has three key parameters: (1) the ion-
izing efficiency (ζion) which is a product of the fraction of
gas converted into stars, the escape fraction and number of
ionizing photon produced per stellar baryon (Mesinger et al.
2014), (2) the minimum virial temperature of halos which
host galaxies (Tminvir ) and (3) the number of X-ray pho-
tons emitted from sources per solar mass (ζX). We take
(ζion, T
min
vir , ζX) = (15.0, 1× 10
4, 1056) as our fiducial model
(hereafter “fid” model), with which the reionization is com-
pleted at z ≈ 6 as indicated from observations of high-
z quasar spectra (Fan et al. 2006). The value of Tminvir =
1 × 104[K] corresponds to the criterion of the effectiveness
of the atomic cooling. Below this temperature, the atomic
cooling is ineffective and the molecular cooling due to the
oscillation and rotation of molecular hydrogens becomes
MNRAS 000, 1–10 (2016)
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Figure 1. Evolution of xHI and TS for our “fid”model. The CMB
temperature Tγ is also shown for reference.
the main cooling process. However, if radiative feedback
processes such as photodissociation are effective, molecu-
lar hydrogens are destroyed and star formation in halos is
suppressed (Haiman et al. 2000; Hasegawa & Semelin 2013).
Thus, Tminvir parametrizes the effectiveness of radiative feed-
back processes. The evolution of the neutral fraction (xHI)
and the spin temperature for the “fid” model is shown in
Fig. 1.
To understand the MFs of the brightness temperature,
we prepare three kinds of brightness temperature maps.
• Component map “TS”: only the spin temperature fluc-
tuations are taken into account, ignoring the fluctuations in
xHI and δm (i.e. xHI(x, z) = xHI(z) and δm(x) = 0).
• Component map “m”: only the matter density fluctua-
tions are taken into account, while we take the average value
of xHI and set Tγ/TS(x) = 0.
• Component map “xH”: only the fluctuations in the neu-
tral hydrogen fraction are taken into account and we set
δm(x) = 0 and Tγ/TS(x) = 0.
The MFs calculated from these three maps represent the
structure of the components which contribute to the bright-
ness temperature fluctuations. In section 4.1, we compare
the MFs of these maps with that of the full brightness tem-
perature.
Below, we will see the dependence of the MFs on the
model parameters. Here we focus on two parameters, ζion
and Tminvir because the topology of ionized bubbles is expected
to be affected significantly by these parameters (Kim et al.
2013).
3 MINKOWSKI FUNCTIONALS
We can extract topological information on an arbitrary
scalar function p(x) distributed in 3D space via the MFs.
The excursion set Fν consists of all p(x) which satisfy p(x) >
pth. Here, pth is the threshold value defined as pth = νσ
where σ2(= 〈p2(x)〉) is the variance of p(x) while the av-
erage is zero in the volume V . The definitions of MFs are
given by (Schmalzing & Buchert 1997; Gleser et al. 2006) as
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Figure 2. The Minkowski fuctionals for gaussian distribution.
a function of ν,
V0(ν) =
1
V
∫
V
d3xΘ(p(x)− νσ), (3)
V1(ν) =
1
6V
∫
∂Fν
ds, (4)
V2(ν) =
1
6piV
∫
∂Fν
ds[κ1(x) + κ2(x)], (5)
V3(ν) =
1
4piV
∫
∂Fν
dsκ1(x)κ2(x), (6)
where Θ is the Heaviside step function, ∂Fν is the surface
of excursion set and ds is the surface element. κ1 and κ2 are
curvatures on the surface. The V0 represents the volume of
excursion set. The total surface and mean curvature of Fν
are given by V1 and V2, respectively. The V3 is the Euler
characteristic which characterizes the typical shape of Fν
and is related to the genus g as V3 = 2(1− g). For instance,
a sphere has V3 = 2 (g = 0) and a torus has V3 = 0 (g =
1). In general, when the V3 is positive, there are a lot of
isolated excursion sets. Negative value of V3, on the other
hand, indicates that the excursion set has a multi-connected
structure. The calculation method of the MFs is shown in
Gleser et al. (2006) and Schmalzing & Buchert (1997).
When p(x) has a gaussian distribution, the MFs can be
written analytically and have symmetric shapes, as shown
in Fig. 2. We can see that the V3 has two positive peaks
and a valley at center of ν which corresponds to the average
value of p(x). These two peaks reflect the symmetric proba-
bility distribution function of the gaussian distribution with
the same number of isolated regions which have positive and
negative values. For a non-gaussian distribution, this sym-
metry is broken. When the non-gaussinaity is weak, the MFs
can be described analytically (Matsubara 1994, 2003). As we
will see below, the MFs of the δTb are significantly different
from those of the gaussian case because the δTb follows a
highly non-gaussian distribution.
We use p(x) of the brightness temperature maps
smoothed by a gaussian kernel which is expressed by ∝
exp(−x2/2R2) where R is a smoothing scale. Throughout
this paper, we set R = 3 Mpc. Actually, the shapes of MFs
MNRAS 000, 1–10 (2016)
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map (z=7.54) δTb σδ21
fid 2.54 1.55
xH 3.90 1.57
TS 3.83 0.00296
m 3.90 0.180
map (z=8.62) δTb σδ21
fid 9.45 0.559
xH 12.9 0.582
TS 12.3 0.0114
m 12.9 0.160
map (z=11.94) δTb σδ21
fid 14.1 0.219
xH 26.6 0.107
TS 15.0 0.232
m 26.6 0.119
map (z=15.09) δTb σδ21
fid -42.1 0.411
xH 32.3 0.0273
TS -44.2 0.451
m 32.3 0.0955
Table 1. The average value of δTb and standard deviation of
δ21 for the “fid” and component maps at z=7.54, 8.62, 11.94 and
15.09. The threshold value is calculated from σ as pth = νσδ21 .
The pth is converted into δTb = δTb + pth|δTb|.
are dependent on the smoothing scale, but we found the
dependence is not so large for R > 3 Mpc. The angular res-
olution of the SKA1-low will be FWHM ∼ 5 arcmin, which
corresponds to R = 5.8 Mpc, at 140 MHz (z = 9). In fact,
the FWHM depends on the frequency (redshift). For exam-
ple, the resolution at which the SKA1-low has the best sensi-
tivity becomes twice for z = 19. Note that an ionized bubble
with a radius smaller than the smoothing scale R is erased
by the smoothing effect. Therefore, although the brightness
temperature at ionized regions should be zero, this does not
become precisely zero if we perform the smoothing with a
smoothing scale larger than them. We call this region “un-
resolved ionized” region.
4 RESULTS
The 21cm brightness temperature is expected to follow a
non-gaussian distribution due to highly-nonlinear astrophys-
ical effects. The MFs are useful to evaluate complicated
topological structure of this kind of 3D map. However, it is
not straightforward to obtain a physical interpretation from
the MFs. Therefore, in this section to promote understand-
ing the MFs, we try to comprehend topological features of
the brightness temperature distribution through three sub-
sections.
4.1 Components of brightness temperature
The topology of the brightness temperature in the EoR is
expected to reflect the three components, the spin temper-
ature, neutral hydrogen fraction and matter density. In this
subsection, we compare the V3 of the “fid” model with that
of “TS”, “m” and “xH” models to study their relative impor-
tance in the structure of δTb.
In Fig. 3, we show the brightness temperature maps
for the three components at z = 8.62. The average value
of the spin temperature at this redshift is 626.0 [K] which
is much larger than the CMB temperature Tγ(z = 8.62) =
26.12 [K]. In this case, the map of “TS” has much smaller
fluctuations compared with the other components and the
spin temperature fluctuations do not contribute to δTb. In
the middle panel, we can see a lot of evolved ionized bubbles
located in dense regions and have δTb = 0.
Fig. 4 shows the V3 of the four models, “fid”, “TS”, “m”
and “xH” at redshifts z = 7.54, 8.62, 11.94 and 15.09. For
reference, in table 1, we list the value of δTb and σδ21 of
the models at the redshifts. In addition, in Fig. 5, we show
δTb maps of the “fid” model at several redshifts. Below, we
discuss both the behavior of the V3 for “fid” model and the
relation between the “fid” and component maps.
At z = 7.54, as one can see in the top left panel of Fig. 4,
the V3 of “m” has two positive peaks and one valley similar
to the case of a gaussian distribution, while the symmetry is
broken. This is considered to be due to the nonlinearity of
gravity. On the other hand, “xH” and “fid”models have sim-
ilar shapes. This suggests that, at this redshift, the topology
of δTb is mostly determined by the distribution of ionized
fraction, while the spin temperature and matter density fluc-
tuations have little effects. Further, the positive peak at a
lower ν cannot be seen for “xH” and “fid” models. This can
be understood as follows. The δTb is close to zero in dense
regions where the IGM was already ionized. Because the pos-
itive peak at lower ν represents the abundance of isolated
small-δTb region, this peak disappears after ionized bubbles
merged as can be seen in Fig. 5.
Next, the V3 of the “fid” model at z = 8.62 is similar
to that at z = 7.54 and still traces mostly that of “xH”
model. However, it has a small positive peak at a lower ν
(ν ≈ −1.5). As we can see in Fig. 5, some ionized bubbles
are left at this redshift and they contribute to this peak.
At z = 11.94, the average spin temperature is about
108.4 [K], which is not much higher than the CMB temper-
ature Tγ = 36 [K]. In this epoch, neutral hydrogen begins
to be ionized at dense regions. The shape of the V3 does not
trace any single component as we can see in the bottom left
panel of Fig. 4. Therefore, it is expected that all components
contribute to the structure of the brightness temperature.
As we can see in the bottom right panel of Fig. 4, the
V3 of “fid” model is similar to that of the “TS” model at
z = 15.09. At this redshift, most of hydrogen are neutral
and the V3 indicates that the main component of δTb is
“TS”.
In the literature, an assumption TS ≫ Tγ is often
adopted at low redshifts to neglect the spin temperature
fluctuations because this significantly reduces the compu-
tational cost. In our model, the average spin temperature
is three times higher than Tγ at z = 11.94 and one may
consider this assumption is valid. However, the V3 at this
redshift has an asymmetry due to the spin temperature fluc-
tuations. Thus, even though TS ≫ Tγ seems reasonable for
the average spin temperature, we should be careful when we
consider the MFs.
MNRAS 000, 1–10 (2016)
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Figure 3. Maps of the brightness temperature for three components at z = 8.62. The panels are component maps “m”, “xH” and “TS”
from left to right. Each slice is 200 Mpc on a side and 0.667 Mpc thick. Note the difference in the color bar scale for the right panel.
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Figure 4. Comparison of a MF V3 among “fid” (solid line), “TS” (dotted line), “xH” (dashed line) and “m” (dot dashed line) models.
The redshifts are 7.54, 8.62, 11.94 and 15.09 from top to bottom.
4.2 Redshift evolution of MFs
Here, we focus on the redshift evolution of MFs. The Figs. 6 -
8 show the MFs as a function of δTb, instead of ν, at twelve
redshifts from 7.54 to 19.82. In Fig. 5, we show the maps
of δTb at these redshifts for reference. This period can be
divided into three parts: (1) the heating stage (z & 15.09)
where the main component of δTb is TS, (2) the transition
stage (11.20 < z < 13.29) where the main component varies
from TS to xHI and (3) the reionization stage (z < 10.05)
where the main component is xHI. Before discussing the red-
shift evolution, we note that almost all of the MFs at Fig. 6-
8 are clearly different from the MFs for a gaussian field. The
asymmetric shape of the MFs indicates the δTb follows a
non-gaussian distribution at any redshift.
First, let us consider the heating stage. In Fig. 6, the
MNRAS 000, 1–10 (2016)
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Figure 5. Redshift evolution of brightness temperature maps of the “fid” model for redshifts z=7.54 ∼ 19.82. Each slice is 200 Mpc on
a side and 0.667 Mpc thick.
MFs in this stage are shown. As X-ray heating progresses,
the MFs shift from low to high values of δTb and change
their shapes. However, the shape of V0 is similar to each
other, while the V1 changes its shape drastically. At z =
19.82, the V1 has a long tail on the right. This tail can be
attributed to rare small heated regions. As heated regions
expand and become more abundant, the V1 approaches to
a symmetric shape similar to the gaussian one. The V2 also
has this tendency. Concerning the V3, the peak on the right
has a long tail which indicates that small heated regions are
isolated. Another peak on the left represents the existence
of isolated cold regions. However, this peak becomes smaller
as heating progresses. This is because X-ray photons have a
long mean free path and the heating effect is not limited to
the neighborhood of the sources.
Second, let us see the transition stage. In Fig. 7, we show
the MFs in this stage. Although the average value of δTb is
positive at this stage, a small fraction of pixels has a negative
δTb (TS < Tγ) at z = 13.29 and 12.46, while δTb becomes
positive at all pixels at later redshifts. At z = 13.29, the V0 is
0.5 at δTb = 0, which means that the number of hot regions
(TS > Tγ) and cold regions (TS > Tγ) are almost the same,
while the V1, V2 and V3 have a nearly gaussian shape. At
later redshifts, the center of the MFs shift to larger values
of δTb and a tail extends to the left, which indicates the
non-gaussianity is increasing.
Finally, we consider the reionization stage. The MFs at
this stage are shown in Fig. 8. The V0 decreases sharply
at δTb = 0 because of the presence of ionized bubbles
where δTb = 0. However, as we can see, the rapid drop
is relaxed due to the smoothing, especially when the bub-
ble sizes are smaller than or comparable to the smoothing
scale. This feature is typical of the V0 during the late phase
of reionization. On the other hand, the peaks in the V1,
V2 and V3 shift toward low-temperature direction as reion-
ization proceeds. This is because reionization starts from
high-density regions, where the brightness temperature is
also high, so that highest-δTb regions are abruptly trans-
formed into lowest-δTb regions. This drastic change in the
distribution of brightness temperature leads to the highly-
nongaussian shape of the MFs.
Let us note on the behavior of the V3 at the reionization
stage. A peak can be seen around δTb = 0 at z = 8.62, but it
disappears and the V3 becomes negative at later time. This
implies that ionized regions are isolated at z = 8.62 and
have merged by z = 8.06. This interpretation is supported
by the fact that the average neutral fraction decrease from
0.62 to 0.38 during this epoch.
The evolution of MFs before reionization has not been
investigated so far and previous works have not studied the
evolution of the V0, V1 and V2 even during the EoR. Our re-
sults of V3 at reionization stage are consistent with those of
previous works (Lee et al. 2008; Friedrich et al. 2011). How-
ever, the resolution and volume of their simulation maps are
MNRAS 000, 1–10 (2016)
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Figure 6. MFs of the brightness temperature of the “fid” model at the heating stage, z = 15.09, 16.77, 18.62 and 19.82.
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Figure 7. MFs of the brightness temperature of the “fid” model at the transition stage, z = 11.20, 11.94, 12.46 and 13.29.
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Figure 8. MFs of the brightness temperature of the “fid” model at the reionization stage, z = 7.54, 8.06, 8.62 and 10.05.
smaller than ours. Therefore, our results are complementary
to other works. We note that the evolution of the MFs is
based on a specific choice of reionization model with a plau-
sible reionization and heating history.
4.3 Effect of changing Tminvir and ζ
The distribution of ionized bubbles and topological structure
of brightness temperature are sensitive to the value of Tminvir
and ζ. In this section, we see the dependence of the MFs on
these parameters. The dependence of the MFs on ionizing
source properties has been discussed in previous works. For
example, Friedrich et al. (2011) has focused on the V3 for
the ionized fraction field rather than the δTb field. On the
other hand, Hong et al. (2014) has explored 2D genus of the
δTb field.
In Fig. 9, we show δTb maps with different combinations
of Tminvir and ζ, fixing the average neutral fraction to 0.51 at
z = 8.60. For the two simulations, we used the same initial
condition of matter density fluctuations. As we can see, a
lower Tminvir results in a larger number of ionizing sources and
then ionized bubbles. On the other hand, some of the ionized
bubbles are connected for the high-Tminvir model because the
ionizing efficiency is higher for this model, while the number
of ionizing sources is smaller.
In Fig. 10, we compare the MFs of four models with a
different combination of Tminvir and ζ, again fixing the average
neutral fraction to 0.51 at z = 8.60. Because ionizing sources
exist only in densest regions for the model with a high Tminvir ,
relatively dense regions which do not have ionizing sources
remain neutral and have higher values of dTb. Although the
neutral fraction is fixed, the decrease in the V0 at δTb =
0 mK is not the same for the four models. This is due to the
effect of smoothing, which is more significant for a model
with a low Tminvir which leads to a larger number of small
bubbles.
A valley of the V2 located at a low δTb value repre-
sents the property of smoothed ionized bubbles. It becomes
deep as Tminvir decreases because small bubbles have higher
curvature which results in a large absolute value of the V2.
Concerning the V3, the peak around δTb = 0 becomes
noticeable as Tminvir decreases, which implies that isolated ion-
ized bubbles are more abundant for a lower value of Tminvir .
5 SUMMARY AND DISCUSSION
In this work, we investigated the topological structure of
the 21cm-line brightness temperature field during and be-
fore the EoR by using the Minkowski functionals. Firstly,
we compared the MFs of our fiducial model with those of
the component maps and found that the main component
of the topological structure is the neutral fraction during the
EoR and the spin temperature before the EoR. Further, the
spin temperature can contribute to the structure of δTb even
though the average spin temperature is three times higher
than Tγ .
Secondly, we studied the evolution of the MFs consid-
ering three stages. The evolution in the heating stage is ex-
plained by expansion of X-ray-heated regions. In the transi-
tion stage, small ionized bubbles and disappearance of cold
gas change the structure of δTb. The complicated evolution
in the reionization stage is understood as the expansion and
merger of ionized bubbles.
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Figure 9. Maps of the brightness temperature at z=8.60 with different combinations of Tmin
vir
and ζ.
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Figure 10. MFs with different combinations of Tmin
vir
and ζ. All models have the same neutral fraction xHI ≈ 0.511 at z = 8.60. Here
the spin temperature fluctuations are ignored.
Thirdly, the variation of the MFs changing the values
of Tminvir and ζ was investigated. We found that these pa-
rameters, even if the average neutral fraction is fixed, affect
the topological structure of the IGM and we interpreted the
variation of the MFs. Therefore, the MFs could be useful for
constraining these model parameters.
This kind of analysis will be viable when the imaging of
21cm signal is possible with a high angular resolution. Prac-
tically, there are many obstacles for imaging such as galactic
and extragalactic foregrounds. We will study expected con-
straints on the model parameters with the MFs including
these observational difficulty in the future work.
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